Citing this paper Please note that where the full-text provided on Manchester Research Explorer is the Author Accepted Manuscript or Proof version this may differ from the final Published version. If citing, it is advised that you check and use the publisher's definitive version.
Introduction
Sediment scouring and fluvial suspension due to liquid flows are common phenomena in many river flows.
However, the construction of reservoirs interrupts the natural equilibrium of basins and leads to sedimentation. Siltation of artificial lakes affects water supply systems by reducing the storage capacity, and eventually affects other reservoir functions such as irrigation supply, energy production, navigation and flood control (Schleiss et al., 2016) . More than 80% of the world's total storage capacity of artificial reservoirs belongs to hydropower dams (ICOLD, 2012) , in which sedimentation may also cause damages to turbines by abrasion or occlusion, and loss of power production. 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 The prediction of erosion rates is a key issue for siltation management and long-term operation plans of reservoirs, dams and other hydraulic structures. Flows involving sedimentation are characterised by a shear layer of soil particles under large relative motions at the interface between the sediment and the fluid.
Numerical modelling enables prediction of the changes in the sediment balance upstream and downstream of a hydraulic structure, permitting different scenarios to be investigated quickly with relatively low cost, as well as supporting field solutions.
However, the presence of two phases, the combination of interfacial and free-surface flows, in addition to particle entrainment of the sediment by the fluid phase are the main challenges of traditional mesh-based methods to simulate erosion and sedimentation processes (Liu, 2003) . In recent years, the alternative option of meshless methods has emerged (Gingold and Monaghan, 1977; Koshizuka and Oka, 1996; Oñate and Idelsohn, 1998) . Of all the meshless methods now available, smoothed particle hydrodynamics (SPH) has unique advantages when modelling problems involving large deformation of interfacial and free surface flows or large sediment motions and mixing that occur during soil erosion.
SPH is a Lagrangian method that was initially developed to study astrophysical problems (Gingold and Monaghan, 1977; Lucy, 1977) and has been extended to a wide range of engineering applications.
Geotechnical and geoenvironmental applications include flood and river dynamics (Prakash et al., 2014; Vacondio et al., 2012; Williams et al., 2016) , soil mechanics (Bui et al., 2011 (Bui et al., , 2008 Chen and Qiu, 2014; Reyes et al., 2013) , simulation of landslides (Manenti et al., 2016; Pastor et al., 2009; Ran et al., 2015; Tan and Chen, 2017; Xenakis et al., 2017) seepage problems (Bui and Fukagawa, 2013; Maeda et al., 2006) and sediment transport (Falappi et al., 2007; Fourtakas and Rogers, 2016; Manenti et al., 2012; Shi et al., 2017; Ulrich et al., 2013) .
The simulation of sediment scour using SPH has developed steadily over the last decade. Falappi et al. (2007) simulated sediment scour in a reservoir flushing experiment using a pseudo-Newtonian approach based on Mohr-Coulomb parameters. Guandalini et al. (2012) used the Shields' erosion criterion to predict scouring and in subsequent work Manenti et al. (2012) compared the Mohr-Coulomb pseudo-Newtonian approach with the Shields' erosion criterion with experimental data. The results of Manenti et al. (2012) showed that the eroded volume and the profile evolution were better reproduced by the Shields' criterion.
However, the methodology treats the non-eroded sediment particles at subsurface layers as a fixed boundary and prevents the Shields' approach from being able to simulate the rheology of the material at subsurface layers. Ulrich et al. (2013) also used a yield criterion based on Mohr-Coulomb parameters to simulate ship-induced scouring near ports. The model combines a linear-elastic approach with a pseudo-Newtonian model for the un-yielded and yielded material, respectively. The model was supplemented by a suspension layer based on the Chezy-relation to account for the viscosity transition between the sediment and the water.
Nevertheless, in order to avoid singularities on the viscosity value the pseudo-Newtonian treatment requires the definition of a maximum value for viscosity which may be case dependent. Fourtakas and Rogers (2016) , used the Drucker-Prager yield criterion which is also based on MohrCoulomb parameters, to simulate the rheology of sediment induced by rapid flows. The model uses a 60  61  62  63  64  65  66  67  68  69  70  71  72  73  74  75  76  77  78  79  80  81  82  83  84  85  86  87  88  89  90  91  92  93  94  95  96  97  98  99  100  101  102  103  104  105  106  107  108  109  110  111  112  113  114  115  116  117  118 pseudo-Newtonian approach based on the Bingham-type Herschel-Bulkley-Papanastasiou (HBP) model that allows simulating the rheology of the un-yielded and the yielded material without needing to define a maximum value for viscosity. The Vand equation (Vand, 1948 ) is used to account for sediment suspension at the surface layer. The model showed good results for problems involving impact of rapid flows in the bed of sediment.
However, numerical tests have shown spurious pressure fields in the sediment at areas of large deformation as, for example, near the wave fronts. At these large shear regions, deformation occurs as the kinematics of the liquid phase is sufficient to yield the sediment phase which exhibits slow kinematics and high shear forces. This discontinuity at the interface is known to cause the erroneous pressure due to the shear forces discontinuity which requires a second gradient summation for calculating the shear rates (Fatehi and Manzari, 2011) . These slow kinematics exhibit by the sediment phase under high shear rate have been addressed in SPH more generally using diffusion-based techniques including the XSPH approach of Monaghan (1992) with an additional smoothing (Manenti et al., 2012; Ulrich et al., 2013) or by using the particle shifting algorithm of Lind et al. (2012) , as employed in the work of Fourtakas and Rogers (2016) . These techniques improve the particle distribution and avoid particle clustering which allows for a better sampled kernel. Nevertheless the issue is not entirely eliminated.
The aforementioned models use the so called weakly compressible SPH (WCSPH) schemes where pressure is related to density through an equation of state. Alternatively, truly incompressible SPH (ISPH) formulations that couple the governing equations have also been applied to sediment transport problems (Ran et al., 2015) . Comparisons of WCSPH and ISPH for free-surface flow have shown that improved velocity and pressure fields are obtained with the ISPH method (Lee et al., 2010 (Lee et al., , 2008 Xu et al., 2009 ).
Incompressible SPH formulations can be an alternative to improve the pressure fields which are essential to better reproduce the dynamics and erosion patterns of the sediment phase. In the work of Ran et al. (2015) an ISPH scheme and an interface erosion criterion which is based on the fluid and grain properties (similar to Shields' criterion), is used to simulate erosion and entrainment of the sediment grain by the water. Noneroded particles are treated as fixed boundaries, like in the model presented by Manenti et al. (2012) .
Satisfactory results with respect to experimental profiles were obtained by Ran et al. (2015) . However, WCSPH formulations present some advantages over ISPH schemes. In terms of computational efficiency, ISPH generally produces reduced pressure fluctuations in the pressure field and larger time steps are possible. WCSPH schemes demand smaller times steps to keep density variations within acceptable levels, but on the other hand the formulation avoids solving the Poisson equation which is computationally expensive and numerical solutions are obtained by explicit algorithms.
In this work, a WCSPH scheme is used to simulate erosion and scouring of a sediment bed. A critical bedmobility condition based on the Shields criterion is imposed to the particles located at the sediment surface.
Thus, the onset of the erosion process is independent on the pressure field and eliminates the problem of pressure dependant erosion at the interface.
The Mohr-Coulomb parameters refer to the mechanical properties of the soil. Thus, the yield criteria based on Mohr-Coulomb parameters are suitable to simulate the rheology of the subsurface domain of sediment.
However, erosion at the fluid-sediment interface is dominated by the flux characteristics and physical properties of the sediment (e.g. particle diameter and specific weight). The onset of the motion at the surface layer of a bed of sediment may be accurately modelled by the Shield´s parameter, as shown by Manenti et al. (2012) and Ghaitanellis et al. (2017) . This paper is intended to bridge the gap between these mechanical and physical approaches by proposing a model that aims to predict erosion rates at the bed surface and scour profiles due to the effect of the water on the sediment. The two-phase WCSPH model of Fourtakas and Rogers (2016) , applicable to rapidly varying flows, is complemented by the Shields' theory to deal with the suspension of sediment under low velocity flow. These two criteria have been combined in order to maximise the applicability of the model to both the entrainment of soil by water, as occurs in fluvial environments, and the impact of rapidly varying flows in a bed of sediment.
The computational demands make the problem ideal for SPH development on graphics processing units (GPUs) to enable simulations with a large number of particles required for real engineering problems. The open source DualSPHysics solver (Crespo et al., 2015) that is accelerated by GPUs and extended by Fourtakas and Rogers (2016) for sediments has been used to implement the computational algorithm.
The paper is structured as follows: in Section 2, the computational model is presented. A detailed description of the equations for the water and sediment phases, including the erosion criteria and the suspension treatment is given. Numerical results are presented in Section 3. First, the implementation of the Shields' criterion is compared to numerical and experimental results. Then, a flume experiment over an erodible bed of non-cohesive sediment is presented and the total amount of bed material transported by the wave is compared with the experimental results. Finally, the combined Drucker-Prager and Shields' criteria approach is tested against experimental results of a dam break over erodible beds. Conclusions are presented in Section 4.
COMPUTATIONAL MODEL
The physical domain of the simulation may be represented by five regions, as shown in Figure 1 . Region (1) represents the un-yielded sediment, which remains almost static due to its large apparent viscosities; region (2) consists of sediment with an apparent viscosity small enough to allow particle movement (according to a non-Newtonian flow model see Section 2.4.4.); region (3) represents the sediment that reached the critical Shields' parameter and simulates bed load transport; region (4) is composed of particles suspended in the fluid with a variable viscosity; and region (5) represents only water particles. The description of how these regions are a treated using SPH is presented in the following sections. 
Governing equations and SPH formalism
In this Section we briefly describe the general governing equations and the SPH modelling technique for the fluid and sediment. Vectors and tensors are defined by reference to Cartesian coordinates using Greek superscripts, α, β and γ to denote Cartesian tensor coordinate directions and Latin subscripts, i and j, to identify particle locations. Einstein's summation is employed over repeated Greek superscripts.
The governing equations of fluids are described by the Navier-Stokes equations. Written in Lagrangian form the conservation of mass (continuity) and momentum equations read ,
respectively, where is the density, is the velocity, is the total stress tensor and is the ρ u
The total stress tensor comprises of two parts, the isotropic pressure (p) and the viscous stresses
where is Kronecker's delta function, which equals 1 for α = β and 0 otherwise.
αβ δ
In order to relate pressure with density the fluid is considered to be weakly compressible and Tait´s equation of state is used to close the system of equations (Batchelor, 1967) , i.e. 
where and are the pressure and density of the particle, is the polytrophic index, set to 7 in this (1) to (5) are used for all the phases. However, the viscous part of the stress tensor in Equation (3) is modelled, depending on the phase (water or sediment) via a constitutive model and will be discussed in Sections 2.4 and 2.5.
General SPH approximation
SPH is a meshless particle method where particles represent the computational media and are assigned material properties. The method is based on the integral representation of a function over a domain ( ) f x Ω at a point , by the follow identity:
x
where represents the Dirac delta function.
The continuous approximation of equation (6) is obtained by replacing the Dirac delta function by a normalized weighting or kernel function . Then, the particle approximation is obtained by means of a ( ) ij W summation over points inside the influence domain of the kernel function:
where the subscript refers to the interpolating particle and refers to neighbouring particles,
is the discrete volume of the particle and is the number of particles within the influence domain of the j N kernel function. A more detailed description of the SPH formulation can be found in Violeau (2012) .
The kernel function is a smooth, even and isotropic function that has a finite radius ( , ) is used in the present study (Wendland, 1995) 2h , (8) ( ) 
SPH Discretisation of the governing equations
The transient evolution of the particle density and momentum within an SPH approximation is given by ,
1
respectively, where the subscript refers to the interpolating particle and refers to neighbouring i j particles, is the velocity vector (with relative velocity given by ), is the position vector,
is the density, is the total stress tensor, is the mass, is the gravitational acceleration and is
the smoothing or kernel function. Further information regarding the weakly compressible SPH approach (WCSPH) may be found in (Monaghan, 1994) and more recently in (Violeau and Rogers, 2016) . The
Equations (9) and (10) are for a general fluid description. In order to distinguish between the water and sediment phases, each one requires different treatment as now described below.
Fluid phase: Constitutive equation for the water
The fluid phase is treated as a simple Newtonian fluid thus the Newtonian constitutive equations are used.
The viscous stresses of Equation (3) are computed as ,
where is the dynamic viscosity of water and is the deviatoric strain rate, defined as
where i and j refers to neighbouring particles, Greek superscripts and are free indexes, α β γ is a dummy index and is Kronecker's delta function.
αβ δ
The SPH approximation of (12) may be written as
This model has been validated for a range of free-surface flows as described in Fourtakas and Rogers (2016) 355  356  357  358  359  360  361  362  363  364  365  366  367  368  369  370  371  372  373  374  375  376  377  378  379  380  381  382  383  384  385  386  387  388  389  390  391  392  393  394  395  396  397  398  399  400  401  402  403  404  405  406  407  408  409  410  411  412  413 The sediment phase is considered to be fully saturated and is modelled as a slightly compressible pseudoNewtonian fluid in line with the works of (Fourtakas et al., 2013; Fourtakas and Rogers, 2016; Manenti et al., 2012; Ulrich et al., 2013) . The viscous term of Equation (3) is the yield stress that should be defined by a yield criterion.
Sediment phase: Constitutive equation for the sediment
The advantage of the HBP model is that it provides information on the pre-yield and post-yield region and thereby avoids the need of setting a maximum threshold for the viscosity as required in other pseudoNewtonian approaches (Manenti et al., 2012; Ulrich et al., 2013) .
Shields' erosion criterion
The Shields' criterion is based on the balance of the drag force imposed by the fluid flow and the particle weight. The grain's motion is triggered when a certain critical stress is exceeded. The dimensionless critical shear stress over a horizontal bed of uniform sediment is then defined as 414  415  416  417  418  419  420  421  422  423  424  425  426  427  428  429  430  431  432  433  434  435  436  437  438  439  440  441  442  443  444  445  446  447  448  449  450  451  452  453  454  455  456  457  458  459  460  461  462  463  464  465  466  467  468  469  470  471 
where is the position of the water particle measured from the sediment surface (using Equation (26) z given later) to the free surface, is the velocity of the water particle closest to the sediment particle for 
where is the equivalent grain roughness, also known as Nikuradse's roughness. It is an empirical s k parameter and its value depends on the sediment characteristics and the flow condition. For flat beds, it is considered to be on the order of the median grain diameter (van Rijn, 1993; Wilson, 1989) .
To calculate from (20), it is necessary to know a priori the region (laminar or turbulent) where the water * u particle is located. Also, the dependency of on by Equation (21) 473  474  475  476  477  478  479  480  481  482  483  484  485  486  487  488  489  490  491  492  493  494  495  496  497  498  499  500  501  502  503  504  505  506  507  508  509  510  511  512  513  514  515  516  517  518  519  520  521  522  523  524  525  526  527  528  529  530  531 The gravitational influence for non-horizontal beds is considered by means of the correction factors 
τ τ ≥
In the DualSPHysics implementation, the closest water particle to a sediment particle is identified during the neighbour search at each time step and its distance to a sediment particle is stored. However, the calculation of the critical Shields parameter and the iterative process for calculating is performed only for particles * u identified as being near the sediment surface using two criteria:
(i) at least one water particle must be within the support of the smoothing kernel of the sediment particle and
(ii) the summation of the mass of sediment particles within the support domain should be less than a fraction of the reference mass of sediment particles such as
where i and j denote the interpolated sediment particle and the neighbour particle, respectively, and f m represents a fraction of the reference mass of sediment particles. This approach has been previously used by Crespo et al. (2011) and Gómez-Gesteira et al. (2005) to identify the free surface. In order for a sediment particle be tagged to be near the surface, conditions (i) and (ii) above should be satisfied simultaneously.
This procedure provides the sediment surface position that is used to define the value of in equation (20). z
Drucker-Prager yield criterion
The Drucker-Prager yield criterion is a pressure-dependent model for determining whether a material has failed or undergone plastic yielding. The yielding surface of the Drucker-Prager criterion may be considered depending on the state of stress and on mechanical properties of the sediment (Desai, 1984) , 532  533  534  535  536  537  538  539  540  541  542  543  544  545  546  547  548  549  550  551  552  553  554  555  556  557  558  559  560  561  562  563  564  565  566  567  568  569  570  571  572  573  574  575  576  577  578  579  580  581  582  583  584  585  586  587  588  589  590 where is the first invariant (trace) of the stress tensor that equals to pressure for fluids in repose -in this Equation (31) means that the critical shear stress increases with pressure. Therefore, the apparent viscosity, calculated by Equation (15) will increase with depth, reducing the strain rate at points located at lower layers. In contrast to the Shields' erosion criterion, the Drucker-Prager yield criterion enables computation of the stress tensor for all points at the sediment domain and update of the position and the velocity. Thus, while the critical Shield's parameter provides information about the onset of erosion at the bed surface, the critical value of the shear stress defines the yielded or un-yielded state of particles over the entire sediment domain. This makes the approach ideal to reproduce the effect of the impact of rapid flows over subsurface layers of a bed of sediments, as occurs for example at dam spillways.
Suspension treatment
In line with Fourtakas and Rogers (2016) , the viscosity of suspended particles is considered to be a function of a volumetric fraction. This non-dimensional concentration parameter is computed as the ratio of the 591  592  593  594  595  596  597  598  599  600  601  602  603  604  605  606  607  608  609  610  611  612  613  614  615  616  617  618  619  620  621  622  623  624  625  626  627  628  629  630  631  632  633  634  635  636  637  638  639  640  641  642  643  644  645  646  647  648 where is the viscosity of water. Thus, when the volumetric concentration of a yielded sediment particle µ within the support domain of the SPH kernel is below 0.3, the sediment particle is treated as a pseudoNewtonian flow with a variable viscosity that approximates to the viscosity of the water as . 
Modelling of the sediment subsurface and sediment-water interface of a twophase sediment transport problem
In order to simulate the dynamics of the subsurface sediment region and to avoid the noisy pressure fields at the sediment surface the Drucker-Prager criterion describing the yield characteristics of the sediment phase was combined with the Shields' criterion to model the fluvial suspension of the sediment at the interface.
Regions (1), (2) (1) and (2) is obtained by substituting the yield stress in Equation (15) (1) is un-yielded with a large yield stress, region (2) which is yielded with an apparent viscosity derived from the HBP model and region (3) which is governed by the Shields' criterion which is pressure independent.
The transition between regions (1) and (2) is not explicitly defined, but emerges naturally because of the increase in stress with depth using a pressure dependant yield criterion (see Equation (31) (2) and (3) is defined by using the procedure to identify sediment particles located near the bed surface (see Section 2.5.1). In addition, in order for a particle to be located at region (3) the condition of Equation (25) should be assessed. If Equation (25) is valid, then the particle is considered to be at region (3) and the critical bed stress computed by the Shields' criterion replace the yield stress in the HBP µ   650  651  652  653  654  655  656  657  658  659  660  661  662  663  664  665  666  667  668  669  670  671  672  673  674  675  676  677  678  679  680  681  682  683  684  685  686  687  688  689  690  691  692  693  694  695  696  697  698  699  700  701  702  703  704  705  706  707  708 remain at region (1) 
DualSPHysics Implementation: Time integration and boundary conditions
The computational model herein presented has been implemented in the DualSPHysics code (Crespo et al., 2015) , an SPH C++/CUDA open-source solver. The previous implementation of Fourtakas and Rogers (2016) was used as the starting point to implement the Shields criterion and combine it with the DrukerPrager yield criterion.
The predictor-corrector algorithm described by (Monaghan, 1989) , bound by the Courant-Friedrichs-Lewy (CFL) condition of force, viscosity and speed of sound is employed for the time step integration. Wall boundaries are modelled using the dynamic boundary condition (DBC) of Crespo et al. (2007) implemented in DualSPHysics. 709  710  711  712  713  714  715  716  717  718  719  720  721  722  723  724  725  726  727  728  729  730  731  732  733  734  735  736  737  738  739  740  741  742  743  744  745  746  747  748  749  750  751  752  753  754  755  756  757  758  759  760  761  762  763  764  765  766  767 This section presents numerical results. First, the implementation of the Shields' criterion is validated using a 2-D flushing experiment and comparing the final profile with the experimental result and with numerical results of Manenti et al. (2012) . Then, a flume experiment carried out by the authors with non-cohesive sediment bed under fluvial conditions is presented. This experiment was intended to evaluate the influence of an empirical parameter of the Shields' formulation (the equivalent grain roughness, ) on the rate of s k erosion predicted by the Shields' criterion. Thus, the flume experiment is simulated using only the Shields' criterion at the surface, treating the non-eroded particles as a fixed boundary. Finally, the combined approached presented in Section 2.5.4 is used to simulate a 2-D dam-break problem over erodible bed. The results are qualitatively compared to results obtained by the Shield' and Drucker-Prager criterion separately.
NUMERICAL RESULTS

2-D flushing experiment
The flushing experiment of Falappi et al. (2007) represents the scour of a sediment bed due to constant water discharge from a tank, in a similar manner to what happens when a water reservoir gets flushed. This is an ideal test case to assess the effectiveness of the Shields criterion in applications where erosion occurs at the bed surface only in the absence of sediment yielding. Therefore, the Drucker-Prager criterion is not necessary which deems this test case suitable for validation of the Shields criterion. This experiment has been widely used as a benchmark case for erosion models in SPH (Falappi et al., 2007; Manenti et al., 2012; Ulrich and Rung, 2010) . The case is presented as numerical validation of the implementation of the Shields criterion in DualSPHysics. The geometry and dimensions of the experiment are shown in Figure 3 . (Falappi et al., 2007) The bulk density of the sediment is , the mean diameter d 50 and the kinematic viscosity of Manenti et al. (2012) . In order to avoid excessive creeping of the sediment bed, non-eroded particles are treated as a fix boundary. This is the main disadvantage of the use of the Shields' criterion at the surface and justifies the need to use other complementary yield criteria to model the rheology of the subsurface sediment domain.
In order to provide a fair comparison the parameters for the numerical model and the material properties were set in accordance with Manenti et al. (2012) . To assess the effect of resolution, three different particle spacing were tested: dp=0.01 m, dp=0.005 m, and dp=0.003 m giving simulations with 768  769  770  771  772  773  774  775  776  777  778  779  780  781  782  783  784  785  786  787  788  789  790  791  792  793  794  795  796  797  798  799  800  801  802  803  804  805  806  807  808  809  810  811  812  813  814  815  816  817  818  819  820  821  822  823  824  825  826 20,249, 79,480 and 314,871 particles respectively. Figure 4 shows the bed profiles obtained with DualSPHysics at t = 48 s for each resolution. The profiles are plotted in Figure 5 together with the experimental profiles and the one found numerically by Manenti et al.(2012) . It is observed that the profile computed with DualSPHysics is in close agreement with the experimental one at the upper part, although a small divergence can be seen at the base of the slope for the coarser resolutions. Although a direct comparison with Manenti et al. (2012) might indicate that the proposed method is less accurate, no convergence study was presented by Manenti et al. so the effect of particle size is unknown in that work.
However, in this paper, with particle refinement it is demonstrated that the DualSPHysics result is in increasingly closer agreement with the experimental result indicating convergence. 827  828  829  830  831  832  833  834  835  836  837  838  839  840  841  842  843  844  845  846  847  848  849  850  851  852  853  854  855  856  857  858  859  860  861  862  863  864  865  866  867  868  869  870  871  872  873  874  875  876  877  878  879  880  881  882  883  884  885 The water entered the flume by the inlet reservoir. The gate was completely open at the beginning of the experiment. The time elapsed from the instant that the water entered the channel and the instant the wave front reached the end of the channel was 8s. The experiment run for 10s after the wave front reached the end of the flume. The equipment provided a steady flow with a fixed discharge over a mobile bed. The bed was built by sand pluviation technique (Chaney and Mulilis, 1978) . The bed material was a sand of 0.4 mm of mean diameter with a density of 2710 kg/m 3 . The grain size distribution curve is shown in Figure 7 . 886  887  888  889  890  891  892  893  894  895  896  897  898  899  900  901  902  903  904  905  906  907  908  909  910  911  912  913  914  915  916  917  918  919  920  921  922  923  924  925  926  927  928  929  930  931  932  933  934  935  936  937  938  939  940  941  942 943 944 During the experiment the water discharge was kept to a constant value of 2 m 3 /h and water level measurements were taken at the positions identified as P1, P2 and P3 in Figure 6 . The time elapsed from the instant that the water entered the channel and the instant the wave front reached the end of the channel was 8s. The experiment was run for 10s after the wave front reached the end of the flume. Thus, the experiment was run for a total time of t = 18s. The test was performed three times in order to check for repeatability.
In the numerical simulation, an upstream reservoir filled with water particles was created. The reservoir had an orifice of 2 cm height at the entrance of the flume (x = 0). A constant water discharge was imposed by setting the horizontal particle velocity to 0.22 m/s at the water inlet (x = 0), which corresponds to the exit of the orifice of the tank, as shown in Figure 8 . The imposed velocity was calibrated, considering the width of the flume, in order to obtain the mas flow rate of 2 m 3 /h. The HBP parameters were set to and in order to mimic a Newtonian behaviour of the eroded A collector was added for retaining the particles downstream the flume, as shown in Figure 8 . Thus, the mass of the eroded sediment per meter wide at the end of the simulation may be calculated as (34) e s m dp dp Np
where dp is the particle spacing, is the sediment density and Np is the number of particles sediment The numerical results show that the mass of eroded material increases with until the ratio .
2-D dam-break over erodible bed
In order to show the ability of the combined approach presented in 2.5.4 to simulate the scouring and erosion caused by the impact of the water on a bed of sediment, the Louvain erosional dam-break of (Fraccarollo and Capart, 2002 ) is simulated. The experiment has been use as a benchmark for various researchers (Fourtakas and Rogers, 2016; Ulrich et al., 2013) and will be used herein to compare the behaviour of the computational model using the erosion criteria separately and to compare the combined approach to other SPH simulations.
The experiment consists of the collapse of a water column over a loose sediment bed in a prismatic channel.
The bed was built with cylindrical PVC pellets with an equivalent spherical diameter of 3.5 mm and saturated density of . In order to calculate the value of the saturated density, a volume fraction of 0.5 was 3 1270 kg/m assumed, following the suggestions of Fraccarollo and Capart (2002) . Figure 11 shows the initial set up of the experiment. The 2D computational case was configured using a particle spacing of 0.002 m in order to compare with the same case reported in Fourtakas and Rogers (2016) , leading to 25,000 water particles and 49,450 sediment particles. Three cases were run using different models for the sediment phase, i.e.:
A. Drucker-Prager yield criterion and HBP rheological model for the eroded sediment 1122  1123  1124  1125  1126  1127  1128  1129  1130  1131  1132  1133  1134  1135  1136  1137  1138  1139  1140  1141  1142  1143  1144  1145  1146  1147  1148  1149  1150  1151  1152  1153  1154  1155  1156  1157  1158  1159  1160  1161  1162  1163  1164  1165  1166  1167  1168  1169  1170  1171  1172  1173  1174  1175  1176  1177  1178  1179  1180 particles are fixed to the domain unless they reach the erosion criterion (see Figure 12a) , otherwise the impact of the water column over the soil produces excessive deformation of the sediment mass even if high viscosities are used (see Figure 12b) . For the example shown in Figure 12b an upper limit of following the suggestions of Ulrich et al. (2013) and Ulrich and Rung (2012) . However, max 2500 Pa.s µ = Manenti et al. (2012) set the upper limit to viscosity to several orders of magnitude higher than this, which suggests that the maximum value of the apparent viscosity is case dependent. The combination of the criteria (case C) eliminates the need of fixing the particles to the domain position, because the shear stress is computed at each sediment particle as a function of the mechanical soil properties, avoiding the excessive creeping resulting from a fluid model (see Figure 12c) . Fraccarollo and Capart (2002) showing the estimated interfaces between the sediment bed, the eroded material and the water. Numerical experiments show three sub-domains. Blue particles represent the water phase, red particles are the un-yielded sediment and green particles denote the eroded material.
